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1. INTRODUCTION
This paper forms a part of the classification of the algebras of the title
which have no nontrivial linear elements. Our contribution is stated as the
 Main Theorem below. The full classification is given explicitly in 16 .
 DEFINITION 1 2, 9, 10 . Let B be a basis of a finite dimensional
associative and commutative algebra A over the complex field  with the
Ž . Židentity 1. Then the pair A, B is called a table algebra and B is a table
.basis of A if 1 B and the following conditions hold:
Ž .TA1 For all a, b B, abÝ  c, with  a nonnegativecB abc abc
real number.
Ž . Ž .TA2 There is an algebra automorphism denoted by of A whose
Žorder divides 2, such that B B the elements of B which are fixed by
.are called real elements ;
Ž .TA3   0 a b.ab1
1 The contribution of this author to this paper is a part of his Ph.D. thesis at Bar-Ilan
University. The work of H. Arisha was supported by the Israeli Ministry of Science.
2 This research was done at the Gelbart and Minerva Foundations through the Emmy
Noether Research Institute for Mathematical Science at Bar-Ilan University. The authors
thank these institutions for their support. Current address: Department of Mathematics and
Computer Science, Netanya Academic College, 16 Kibbutz Galuyot St., Netanya 42365,
Israel.
3 This author was partially supported by the Israeli Ministry of Absorption.
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In what follows we shall call the elements of B the basic elements of A.
   By Lemma 2.9 of 1 there is a unique algebra homomorphism : A
     4such that b  b  for all b B. The positive real numbers b bB
Ž .are called the degrees of A, B .
² :If xÝ x b, yÝ y b, then the scalar product x, y definedbB b bB b
² :by the formula x, y Ý x y  is a symmetric positive definitebB b b bb1
form on A.
  Ž .DEFINITION 2 9 . An integral table algebra abbreviated ITA is a table
 algebra such that all the structure constants  and all the degrees babc
are rational integers.
  Ž .DEFINITION 3 14 . A table algebra A, B is called homogeneous of
     4degree ,  if B  1 and, b   for all b B 1 .
Ž .  DEFINITION 4. A table algebra A, B is called standard if   b forbb1
all b B.
ŽAny table algebra may be rescaled replacing each table basis element by
.a positive scalar multiple to one which is homogeneous and any ITA can
 be rescaled to a homogeneous ITA 14, Theorem 1 . A homogeneous
integral table algebra of degree 1 is precisely the group algebra of a finite
abelian group. Homogeneous ITAs of degree 2 with a faithful element
 were classified in 10 . The ITA with a real faithful element of degree 2
  Ž .  were classified in 9 . In what follows we set min B min x 	 x B
 44 Ž .   4  1 , max B max x 	 x B . For each x, y B we denote by xy the
  x y z multiset z .zSuppŽ x y.
Ž . Ž .Let A, B be a table algebra. For all x A, Supp x denotes the
collection of all elements of B which appear with nonzero coefficient in the
Ž .decomposition of x. If X, Y
 B, then XY Supp xy . In thexB, yB
 4  4case of X x , x B we shall write xY instead of x Y. For each X
 B
      we set X Ý x, X  X Ý x .xX xX
Ž .A nonempty subset C
 B is called a table subset or a closed subset of
Ž .B if Supp ab 
 C for all a, b C. Any table subset is stable under and
 contains 1 1, Proposition 2.7; 9, Proposition 2.13 . For any c B, the set
B defined byc

nB  Supp cŽ .c
n1
is easily seen to be a table subset of B, called the table subset generated by c.
An element c B is called faithful if B  B. A table algebra is calledc
 4simple if 1 and B are the only closed subsets of B.
   4  For each b B we set St  x B 	 xb x b . It was shown in 1b
that St is a closed subset of B for every b B.b
Ž .Let A, B be a standard table algebra. Given a closed subset C
 B, one
can partition B into the union of C-cosets, B b C . . . b C, where1 m
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two cosets b C, b C are pairwise disjoint if i j. The vector spacei j
²Ž .:mAC Sp b C is a subalgebra of A. An algebra AC togetheri1i
1  m Ž . 4with the distinguished basis BC b C is a table algebra whichi i1 C
Ž .is called the quotient of A, B by C.
Ž . Ž . Ž .Two algebras A, B and A; B are called isomorphic denoted B B
Ž .when there exists an algebra isomorphism  : A A such that  B is a
Žrescaling of B; and the algebras are called exactly isomorphic denoted
. Ž .  B B when  B  B 9, Sect. 1 . So B B means that B and Bx x
yield the same structure constants.
Ž .Again, let A, B be a table algebra. Then c B is called linear iff
nŽ .  4 Ž .  4 Supp c  1 for some n 0. This is equivalent to Supp cc  1 1,
Proposition 4.2 . A table subset is called abelian iff each of its elements is
Ž .linear. The set of all linear elements of B, denoted by L B , is a table
 subset 1, Proposition 4.2 .
Ž . Ž .Given two standard table algebras A, B and U, V , one can define
Ž . their tensor product AU, B V by taking the set b 	 b B,  
4  V as a distinguished basis 7 . If both factors are integral and standard,
then the same is true for the tensor product.
Ž .An algebra AU, B V contains a subalgebra of a special type
  Ž .which is called a wreath product 7 and is denoted by AU, B V . The
 4  table basis of this subalgebra has the form b 1 	 b B  B  	  
 44V  1 .
Ž .MAIN THEOREM. Let A, B be a standard integral table algebra with a
Ž .faithful nonreal element a B of degree 3. If L B is triial, then one of the
following holds:
Ž .  a aa 3  1 3b, where b  2 and B is exactly isomorphic to
 4 2V  , where V 1,  ,   2  1 .m
Ž .  b aa 3  1 b, b B, b  6.
Ž .c B is a homogeneous standard ITA of degree 3.
Ž .   Ž .Remark. Algebras of type b are classified in 16 . Algebras of type c
 were classified in 8 . The exact list of such algebras is given in the
following claim.
  Ž .THEOREM 1.1 15, Theorem A . Let A; B be a homogeneous integral
table algebra of degree 3. Assume that B has a faithful element and that
Ž .  4 Ž . Ž .L B  1 . Then B V , V , V , T 3 for some n 0 or O 3, H for somex 2 3 4 n
abelian group of rank at most 2.
The algebras listed in the above theorem have the description
2 4V  1,  ,   ,   6  1 ;2
2 4V  1,  ,  ,   ,   ,   3  1 2 ,3 1 2 1 1 2 2 1 2
   2  ,  2  3  1  ;1 2 1 2 2 1 2
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2 4V  1,  ,  ,  ,   , i 1, 2, 3,   3  1  ,4 1 2 3 i i 1 1 2
    2 ,     2 ,  2  3  1 2 ,1 2 1 3 1 3 3 2 2 2
    2 ,  2  3  1  ;2 3 3 1 3 1 2
 4T 3  1,  , . . . ,  , n 0,Ž .n 0 n
  2 , i j n i j ij13  1  , i j n   1Ž .0 ni j   2 , i j n.i jn ijn1
Ž .The algebra O 3, H is a subalgebra of the group algebra H of an
abelian group H the basis of which is the set of the sums h h h2,
ŽhH, where  is a fixed-point-free automorphism of H of order 3 see
  .8 for the details . We mention that integral standard table algebras with
Ž .  4L B  1 and a faithful nonreal element of degree 4 were almost classifed
 in 5 provided that there is no element of degree 2. But, in general, the
complete classification of such algebras is still not done. Primitive associa-
tion schemes with a nonsymmetric relation of valency 4 were studied by M.
 Hirasaka 19 . He classified nonsymmetric basic relations of degree 4 of a
primitive commutative association scheme.
 The Main Theorem together with the results of 16 implies the follow-
ing
Ž .THEOREM 1.2. Let A, B be an integral standard table algebra with
Ž .2min B . If B contains a nonreal faithful element of degree 3, then
Ž .max B  6.
All known examples of integral standard table algebras with a nonreal
Ž . Ž .faithful element of degree 4 and 3min B satisfy the property max B 
24. These facts give evidence for the following
Ž .Conjecture. Let A, B be an integral standard table algebra with a
Ž .faithful nonreal element of degree k. Assume that k 1min B . Then
Ž . Ž . Ž .max B  f k , where f k is a function which depends only on k.
The case of k 4 is the first case where the conjecture is open.
Moreover we do not know if the above conjecture is true for the
BoseMesner algebras of association schemes.
An infinite series of integral standard table algebras generated by a real
Ž . Ž .element of degree kmin B and unbounded max B was built by
 H. Blau 12 . Thus the condition of being nonreal is essential for our
conjecture.
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2. PRELIMINARY RESULTS
We start by introducing some properties of integral table algebras which
will be widely used in the rest of the paper.
  Ž .PROPOSITION 2.1 1, 7 . Let A, B be a standard integral table algebra.
Then
Ž . ² : ² : ² :i For all a, b, c A it holds that ab, c  b, ac  a, cb ;
Ž .      ii For all a, b B, a b Ý  x ;xB ab x
Ž .  iii For all a, b B,  c is diisible by the least common multipleabc
   of a , b .
Ž . Ž .  4Starting now we assume that A, B satisfies L B  1 . We also write
B for the set of all basic elements of degree 3.3
² :PROPOSITION 2.2. Let x, y B be two arbitrary elements. Then xy, xy3
 4 9, 15, 21, 27 .
Proof. This is easily obtained by enumerating all possibilities for the
 multiset xy .
² :PROPOSITION 2.3. For each b B we hae b b bb, bb 3
 415, 27 .
2Proof. The possibilities for the products b , bb are
 2  ² 2 2:b b , b
3 3 27
3 1 2 , 3 21
2 1 3 , 3 15
1 1 6 , 3 9
1 1 1 3 , 3 , 3 9
  ² :bb bb, bb
3 3 1 , 2 27
3 2 1 , 3 21
3 1 1 , 6 15
3 1 1 1 , 3 , 3 15
² :Thus to finish the proof it is sufficient to show that the case of bb, bb 
21 is impossible. Assume the contrary, i.e.,
2     bb 3  1 2c, c  3, b  3d e, e  3, d  2.
  Ž .The latter equality implies that db 2b. By 7, Proposition 4.4 , Supp dd
 4 St  1 , a contradiction.b
² :Let us call an element b B regular if bb, bb  15 and singular3
otherwise. As follows from the above proposition a nonreal element
² :b B is singular if and only if bb, bb  27. The claim below describes3
the structure of B for a nonreal singular b B .b 3
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Ž .THEOREM 2.4. Let A, B be an integral standard table algebra. Assume
   4that b  n holds for each b B 1 . If there exists b B such that b b
Ž .Ž .and bb n 1 1 d , d B, then
Ž .  41 H 1, d is a table subset of B;
Ž . Ž .2 B H B H .b b
Proof. This is easy, so we omit it.
PROPOSITION 2.5. Let b B be a nonreal element such that bb 3  13
 c c for a suitable c B , c c. Then   2 for some x, y B if3 b x y 3
and only if xx yy bb.
Ž .  4Proof. Since L B  1 , the equality   2 holds if and only ifb x y
   2 1 bx 2 y z for some z B . It is easy to check that bx  3 , 3 if and3
² : ² :only if bx, bx  15, which, in turn, is equivalent to bb, xx  15. Since
² :bb 3  1 c c, bb, xx  15 is equivalent to 15 9 6 .x x c
PROPOSITION 2.6. Let b B be a nonreal element such that bb 3  13
  c c for a suitable c B . If   3 for some x, y B and x  6,3 b x y
   then y  x .
   Proof. Assume the contrary, i.e., y  x . Since   3, a uniqueb x y
     4possibility is x  y and bx 3 y. Therefore B  St implying that x isc x
       a B -coset. By 7, Proposition 4.8 , St  x  6, contrary to 7 B c x c
 St .x
Ž .THEOREM 2.7. Let A, B be an integral standard table algebra which
contains a nonreal faithful element b B of degree 3. If bb 3  1 c d
   with c  d  3, then both c and d are nonreal.
Proof. Assume the contrary, i.e., at least one of the elements c, d is
² 2 2:real. Then both c and d are real. By Proposition 2.3, b , b  15
2implying b  e 2 f , for suitable e, f B . Since     1,3 bbc bb d
    1 2Ž .bcb b db
² : ² :implying that 3 bd, bc  cd, bb . Without loss of generality we may
assume one of the following:
Ž .a   3;cdc
Ž .b   2;cdc
Ž .c   1.cdc
Ž .The case a is impossible, since     2.cdc ccd
Ž . 2Let us consider the case b . In this case we have c  3  1 2 d and
cd 2c , where   B . Clearly,   .3
² : 2  4Since cd, cd  15, d  3  1 d x for a suitable x B  d ,3
x x.
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2² : ² : ² :If x c, then d , bb  12 bd, bd . But this contradicts bd, bd
 4 Ž . 9, 15, 21, 27 Proposition 2.2 .
Thus x c and d2  3  1 c d. Therefore, cd 2c d and we
2² : ² : ² : ² :may write bc, bd  cd, bb  9. Now bd, bd  bb, d  15 im-
plies that bd b 2 , where  B . The same arguments imply that3
² :bc b 2	 , 	 B . Hence bc, bd  3 12
 where 
 is the Kro-3  , 	
² : Ž .necker delta. But this contradicts bc, bd  9. Thus the case b is
impossible.
2  4Consider now the remaining case c  3  1 d x, x B  d , x3
2² : ² :x. If x c, then c , bb  12 bc, bc , which is impossible. Thus
2 ² :x c and, consequently, c  3  1 c d. This implies that bc, bc 
15 and bc b 2 ,  B . Now we can write3
2c bb cb cb  b 2 b 2  bb 2 b 2 b 4 .Ž . Ž . Ž . Ž .
On the other hand,
22 2 2c bb 3  1 c d  9  1 c  d  6c 6d 2cd.Ž .
2Since bb c , we can write
29  1 2cd d  6c 6d 2  b  b  4 . 3Ž . Ž .
The coefficient of each real element on the right-hand side is divisble by
4. Therefore the same is true for the left-hand side. This implies
2    2 mod 4 ;Ž .cdc ddc
2    2 mod 4 .Ž .cdd ddd
Ž .As we have seen before,   1. Hence   0 mod 4 , and, conse-cdc ddc
quently,   0. Therefore   0 and   2. Therefore d2  3  1ddc cdd ddd
² :  4 2 d, cd, cd  15, and cd c 2	 , 	 B  c, d , 	 	 . By applying3
the associative law to the products c2d, cd2 we obtain 	d 2c 	 , 	 c
 4	 2 d. Therefore 		 3  1 c d and B  1, c, d, 	 .c
2 2 2² : ² : ² : ² :The equalities bb, c  bb, d  bb, 	  15 imply that bc, bc
² : ² :        2 1  bd, bd  b	 , b	  15. It follows that bc  bd  b	  3 , 3 .
  Ž .Therefore bB 
 B , and, consequently, bB  0 mod 3 . On the otherc 3 c
  Ž .  hand, by 7, Proposition 4.8 the inclusion Supp bb 
 B forces bB c c
 B  10, which is a contradiction.c
3. PROOF OF THE MAIN THEOREM
 From now on we assume that a B, a a, a  3, and
aa 3  1 b b. 4Ž .
   4According to Proposition 2.3, b b, b  3. In the case of b a, a we
 can use the arguments of the proof of Theorem 4.3 of 8 , which yield the
following
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Ž .THEOREM 3.1. Let A, B be a standard integral table algebra which
contains a nonreal element a B such that aa 3  1 a a. Then B a x
Ž .T 3 for some n 0.n
 4In what follows we assume that b a, a .
PROPOSITION 3.2. b is regular.
 Proof. Assume the contrary. Then bb 3  1 3u, u B, u  2, and
2 2u u. As it follows from Proposition 2.3, a  2  w, b  3 x, for suit-
able  , w, x B . Therefore3
2 2 2aa  9  1 6b 6b 2bb b  bŽ .
 15  1 6b 6b 6u 3 x 3 x .
On the other hand,
2 2 2aa  a a  4    2 ww  ww.Ž . Ž .
Comparing both equalities we obtain
6 4  2  2   . u w u w u w w u
Since u is real,    . Therefore 6  is divisble by 4, contraryw u w u w w u
 4to   0, 3 .w w u
The claim below solves the case of b bb.
PROPOSITION 3.3. Let a, b B , b b satisfy aa 3  1 b b, bb3
Ž .3  1 b b. Then B  B  T 3 .a b n
Ž .Proof. Clearly B 
 B . By Theorem 3.1, B  T 3 . Then xx 3  1b a b n
 b b for each x B , x 1. Therefore, for each x B it holds thatb b
² :    2 1  Ž .ax, ax  15 implying that ax  3 , 3 . Hence Supp ax  B for each3
  Ž .x B . In particular, aB  0 mod 3 .b b
      Ž .According to 7, Proposition 4.8 , aB  B  1 mod 3 , a contradic-b b
tion.
² : ² : ² :From now on we shall assume that bb, b  bb, b  aa, a 
² :aa, a  0.
2 1     4PROPOSITION 3.4. If ab  3 , 3 for some b  B  a , then there3 3 3
exist b  B , i 4, 5, 6, 7, 8 such that ab  2b  b andi 3 3 4 5
Ž .1 b  b  a;5 4
Ž .2 ab  2b  b with a b  b and b b  b b ;4 3 6 3 6 3 6 4 5
Ž .3 There exist b  b  B such that7 8 3
ab  b  b  b5 3 7 8
b b b  b  b ;3 3 6 7 5Ž .
b b b  b  b ;3 3 6 8
Ž .4 b b  b b .5 5 6 6
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   2 1 Proof. Since ab  3 , 3 , ab  2b  b for some b , b  B .3 3 4 5 4 5 3
Ž . Ž .1 Part 4 implies that b  a. By Proposition 2.6, b  b .4 4 5
Ž .2 It follows from the equality ab  2b  b that b a 2b  b3 4 5 4 3 6
for a suitable b  B with b  b according to Proposition 2.6.6 3 3 6
Computing b ab in two ways we obtain4 3
b 2b  b  b ab  b a b  2b  b b .Ž . Ž . Ž . Ž .4 4 5 4 3 4 3 3 6 3
By Proposition 2.5, b b  b b . Hence b b  b b .4 4 3 3 4 5 3 6
Ž .  4 ² :3 If b  a, then b  b, b , whence 15  ab , ab 5 3 3 3
² : ² :b b , aa  bb, aa  9, a contradiction. So b  a and we have ab3 3 5 5
 b   . Then3
b 3  1 b b  b aa  b a a 2b  b aŽ . Ž . Ž . Ž .3 3 3 4 5
 2 2b  b  b   ,Ž .3 6 3
and, consequently,
b b b b 2b  2b   .3 3 3 6
² : ² :Since b b  aa and aa, bb  9, b b, b b  9 which implies that all3 3 3 3
nonzero coefficients in the product b b are equal to one. Therefore  is a3
sum of two basic elements of degree 3, say  b  b . WLOG we may7 8
Ž .assume that b b b  b  b , b b b  b  b . Thus 3 holds.3 3 6 7 3 3 6 8
2² : ² :If b  b , then b b b b. So 9 b b, b b  b b , b . Together7 8 3 3 3 3 3 3
2 2² : ² :with b , b  0 this implies b  3b, and, consequently, bb, bb  27
contrary to Proposition 3.2. Thus b  b .7 8
Ž .4 Since ab ab  aab b  aab b  ab ab , we obtain3 3 3 3 4 4 4 4
4b b  2 b b  b b  b b  2b  b 2b  b  ab abŽ .Ž . Ž .4 4 5 4 5 4 5 5 4 5 4 5 3 3
 ab ab  2b  b 2b  bŽ . Ž .4 4 3 6 3 6
 4b b  2 b b  2b b  b b ,Ž .3 3 3 6 3 6 6 6
Ž . Ž .and 4 follows by Proposition 2.5 and part 2 .
2 1   PROPOSITION 3.5. If ab  3 , 3 , then b  a, b  a.3 3 4
Ž .Proof. By Proposition 3.4 there exist b , . . . , b  B that satisfy 5 . If4 8 3
2 1   b  a, then ab  3 , 3 , and, by Proposition 3.4, we obtain3 3
ab  2b  b ,3 14 15
ab  2b  b ,14 3 16
ab  b  b  b ,15 3 17 18
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for suitable b , b , b , b , b  B . Now14 15 16 17 18 3
b 3  1 b b  b aa a 2b  bŽ . Ž .3 3 14 15
 2 2b  b  b  b  b .Ž .3 16 3 17 18
WLOG we may write b b b  b  b and b b b  b  b .3 3 16 17 3 3 16 18
Ž .Comparing this with 5 we obtain b  b , b  b , b  b . In particu-6 16 7 17 8 18
lar, ab  ab and ab  ab .14 4 15 5
2 2² : ² : ² : ² :So 15 ab , ab  a , b b and 9 ab , ab  a , b b . By14 4 4 14 15 5 5 15
Proposition 2.3, a2  2 x y for suitable x, y B . Therefore 2 3 b b x5 15   3   1 1 1 4  3 implying that b b  3 , 3 , 3 , 3 .b b y 5 155 15 2 2Ž . Ž .On the other hand, b b  aab b mod 2  1 b  b mod 2 . By5 5 3 3
3 3 2 2 1    ² :    Proposition 3.2, bb  1 , 2 . Hence bb, bb  15 and b  3 , 3 .
2 Ž .Therefore, b b  3  1 x x, where x B is defined by b  x mod 2 .5 5 3
² :Analogously, b b  3  1 x x, which implies b b , b b  15, i.e.,15 15 5 15 5 15
   2 1 b b  3 , 3 , a contradiction.5 15
2 1   Thus b  a. Since ab  3 , 3 , b  a.3 4 4
2It follows from the above propositions that a  2a b and b  b . In5 5 6
Ž .order to fix the notation we set c b , d b , f b . Now 5 implies5 7 8
that ac a d f, ab a c d, ab a c f. These equalities
imply that ac b b g for a suitable g B . Combining these to-3
gether we obtain
ac a d f;
ab a c d;
6Ž .
ab a c f;
ac b b g.
iŽ .  Ž . 4For each x B we set l x min i 	 x Supp a a .
Ž . Ž .Proof of the Main Theorem. Induction on l w , w B. If l w  3,
Ž .  4then, by 6 , w a, a, b, b, c, c, d, d, f, f, g, g and we are done. Hence we
Ž .may assume that l w  4.
lŽw .k kŽ . Ž . Ž .There exists 0 k l w such that w Supp a a . Since l w 
Ž .4, at least one of the numbers l w  k, k is greater than or equal to 2.
WLOG we may assume that k 2. There exist u,   B such that
lŽw .k k1w Supp a ,   Supp a a ;Ž . Ž .
lŽw .k k2  Supp au ,   Supp a a .Ž . Ž .
Ž . Ž . Ž . Ž .    Clearly l   l w  1, l u  l   1. By induction u    3. By
   3     3  Ž . Ž .Proposition 2.6, au  3 , a  3 . Since l u , l   2, by Proposi-
2 1 2 1       tion 3.5, au  3 , 3 , a  3 , 3 implying that   1,   1a u x a u x
and   1 for all x B.a x
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2² : ² : ² :  Ž .Consider au, a  a u,   2au  cu,   6 Supp au 
Ž . Ž . Ž . Ž . Ž .Supp a  6. But w Supp a  Supp au , since l u  l w  2.
   Therefore, w  3 implying that w  3.
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